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Abstract. We study the large-scale long-time properties of turbulent motion in a symmetric
miscible binary fluid, driven by random stirring fields with correlationsk−(d−4+y) andk−(d−2+y′)
corresponding to the modified Navier–Stokes equation and the convection equation, by means
of dynamic renormalization-group (RG) analysis. Unlike the Yakhot–Orszag RG theory, the
stability of a fixed point is now determined byboth the parametersy and y′. Furthermore,
the stability now depends on the space dimensionality because of renormalization of the
extra coupling, which is a consequence of non-vanishing diagrams in the infrared limit. The
Kolmogorovk−5/3 spectra, obtained fory = 4 andy′ = 2, is found to be infrared stable against
the active dynamics, and corresponds to a stable fixed point withy > 0 and y′ < 1.3917y
in dimension three. The stability condition for the Kolmogorov spectra in infinite dimensions
becomesy′ < 1.333y, differing from the magneto-hydrodynamic case where the Kolmogorov
spectrum is only marginally stable in infinite dimensions. There is no other infrared stable fixed
point which could be associated with the equipartition (k−3/2) spectra of the energies of the
velocity and the concentration gradient fields.

1. Introduction

In fully developed hydrodynamic turbulence a wide range of eddy sizes are excited
constituting an inertial range of energy cascade where simple phenomenological arguments
hold, leading to scaling laws and universal scaling exponents in the inertial range [1, 2].
Similar scaling laws can also be derived in the case of turbulent convection of a passive
scalar [3–5]. The dynamical equations, being strongly nonlinear, have been dealt with using
renormalized perturbation theories for many years [6–9]. We note that these (Eulerian)
theories do not yield the expected (phenomenological) exponents because of a divergence
in the small wavenumber region [8], whereas a Lagrangian approach is consistent with the
phenomenological exponents [10–12].

The study of the infrared (long wavelength) and long-time properties of a fluid system
has been of interest and such a study was first made in the case of a Navier–Stokes fluid
(along with the coupled problem of the advection of a passive scalar) by Forsteret al [13]
who modelled the dynamics to be driven by random stirring force fields, through the dynamic
renormalization-group (RG) approach of Ma and Mazenko [14]. A generalization of the
randomly stirred model was subsequently offered by DeDominicis and Martin [15], in that
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the Kolmogorov spectrum was obtained for a particular value of a parameter (namely,y = 4)
coming from the external stirring correlation (the above-mentioned divergence problem does
not occur in the RG framework). In particular, these ideas have been found to be useful by
Yakhot and Orszag [16] in order to calculate various universal amplitudes associated with
high Reynolds number (Kolmogorov) turbulence (including the case of a passive scalar),
and they were found to be in remarkable agreement with experimental numbers. We would
like to note that the RG analysis and the Eulerian renormalized perturbation theories have
been compared, and a remedy to the associated divergence problem has been suggested
and self-consistent calculations made within the Eulerian framework [17–21] using ideas
borrowed from dynamic critical phenomena [22, 23].

The case of anactivebinary fluid, on the other hand, finds interest as it has relevance to
magneto-hydrodynamic fluid systems, differing from the latter by having a scalar order pa-
rameter. The turbulence in a symmetric miscible binary fluid has been studied by Ruiz and
Nelson [24] phenomenologically as well as numerically by means of employing the eddy-
damped quasi-normal Markovian (EDQNM) closure. It has similarity with two-dimensional
magneto-hydrodynamic turbulence, which has been studied by Pouquet [25]; the three-
dimensional case has been studied by Pouquetet al [26]. Kraichnan [10] gave the first phe-
nomenological arguments for the energy transfer process in the magneto-hydrodynamic case.

Ruiz and Nelson [24] found that at large scales (i.e. on the infrared side of wavenumbers)
of hydrodynamic fluctuations, the concentration fluctuations (order parameter) behave as a
passive scalar. The concentration fluctuations are convected by the turbulent velocity field,
the dynamics of the velocity field not being affected by their presence and hence giving
rise to the usual Kolmogorov cascade [1, 2] for both the kinetic energy and the mean-square
order parameter, with spectra

E(k) ∼ ε̄2/3k−5/3 C(k) ∼ N̄ ε̄−1/3k−5/3 (1)

where ε̄ and N̄ are energy and mean square scalar injection rates into the fluid at some
macroscopic scale andk is the inverse length scale;E(k) andC(k) are the densities of the
energy and mean-square scalar betweenk andk + dk.

However, when the mixing by means of this cascade process has sufficiently taken
place, and has reached some small scale (on the ultraviolet side of the wavenumbers), i.e.
after a sufficient build-up of concentration gradients, the two components begin to ‘see’
each other, and a new term in the Navier–Stokes equation begins to become important.
This term starts to take (active) part in determining the dynamics of the velocity field.
Correspondingly, there is a cross-over wavenumberkc; in the rangek < kc, there occurs the
usual Kolmogorov cascade with spectra given by equation (1), while in the rangek > kc,
the scaling laws are expected to be different.

The situation in the ultraviolet (UV) rangek > kc is then similar to that of magneto-
hydrodynamic (MHD) turbulence, where, as Kraichnan argues [10], the inertial range
(Kolmogorov) phenomenology has to be modified, because the presence of a large-scale
magnetic fieldB0 now affects the energy transfer (unlike the Kolmogorov phenomenology,
where the energy transfer isnot affected by a uniform convection). This gives rise to
oppositely propagating Alfv́en waves alongB0 corresponding to the fields (u + b) and
(u − b) (b being the turbulent small-scale magnetic field, andu the velocity field), each
moving with speedB0. Energy-cascade results from scattering between these waves. The
time-scale associated with such scattering is given byθk ∼ 1/B0k (while that with the
kinetic motion isτk ∼ 1/vkk, vk being the Kolmogorovian velocity scale).

Furthermore, Kraichnan arrived at another conclusion [10]. The relative distortion factor
due to the Alfv́enic scattering (by which the Kolmogorovian energy transfer rate is reduced)
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is given by

θk

τk
∼ vk

B0
� 1 (2)

assuming the total kinetic energy of the fluid to be very small compared toB2
0. This suggests

weak scattering, and hence almost freely propagating Alfvén waves. Consequently, this
implies weak correlation between the (u + b) and (u − b) fields, leading to asymptotic
equipartition of the energies of theu andb fields.

The phenomenological derivation of the energy spectrum in this equipartition range, due
to Kraichnan [10], rests on the assumption of localness of interactions. The energy transfer
rate5(k) = ε̄ should be proportional toθk, sinceθk � τk. Furthermore,5(k) may depend
only on the inertial range quantitiesk andE(k). Assuming5(k) = ε̄ ∼ θkkα[E(k)]β , and
noting that [̄ε] = [L2T −3] and [E(k)] = [L3T −2], leads to−α+3β = 2 and 1−2β = −3,
yielding α = 4 andβ = 2; hence

E(k) ∼ (ε̄B0)
1/2k−3/2. (3)

Ruiz and Nelson [24] noted that the above MHD phenomenology should be applicable
to the UV wavenumbersk > kc in the case of a turbulent binary fluid, with the root-mean-
square gradient

Bc = (〈|∇ψ |2〉)1/2 =
(∫ kc

0
k2C(k) dk

)1/2

(4)

due to the Kolmogorov range interpreted as the counterpart of the magnetic fieldB0.
Correspondingly, Ruiz and Nelson argued that Alfvén-like waves would be important

in this UV regime, which gives rise to an equipartition between the energies of the velocity
and concentration gradient fields, yielding the spectrum

E(k) = 2α0k
2C(k) ∼ (ε̄Bc)

1/2k−3/2. (5)

This spectrum is consistent with the EDQNM closure, with the inverse Alfvénic time scale
ω(k) ∼ √α0Bck.

An estimate about the cross-over wavenumberkc can be obtained by noting that the
Kolmogorov time scale, given by the inverse ofη(k) ∼ ε̄1/3k2/3, should catch up with the
Alfv énic time scale at this wave number, i.e.η(kc) = ω(kc), giving kc ∼ ε̄/α3/2

0 B3
c . Noting

thatBc ∼ N̄1/2ε̄−1/6k
2/3
c , we obtainkc ∼ (ε̄/α0N̄)

1/2.
Here we intend to analyse the large-wavelength and long-time properties of a symmetric

binary fluid driven by random stirring force fields employing the dynamic RG approach as
cited above [13, 14, 16]. Having an extra nonlinearity in the Navier–Stokes dynamics, the
active participation of the order parameter is expected to affect the passive regimes including
the stability of the Kolmogorov regime. Furthermore, the binary fluid case, having a scalar
order parameter, would be interesting for the purpose of comparison with the MHD case.
The magnetic potential is a vector for any general dimensiond > 2; carrying out the RG
analysis for a generald would then be interesting for the purpose of comparison with the
MHD case—the RG studies for the MHD case have already been made by Fournieret al
[27]. We find, unlike in the passive scalar case, that the stability of the passive regime
IR fixed points (against the active participation of concentration fluctuations) depends on
the nature of both the stirring fields associated with the modified Navier–Stokes and the
advection dynamics. The nature of these stabilities differs from that in the MHD case. The
Kolmogorov spectra correspond to a fixed point which is stable in the IR limit against the
active participation of the concentration fluctuations. There is no other stable fixed point in
the IR limit which could be associated with the equipartition spectra.
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We need to comment on the nature of our calculation. We ignore the fluctuations in
the energy transport—this is the Kolmogorov assumption and is reasonable for low-order
structure factors. Thus, one is saddled with a mean-field calculation—but in the mean-field
version there can be two distinct attitudes. One is to go the Mou–Weichmann [28] way
and cast the mean-field theory as a spherical limit; in that case one does not obtain the
Kolmogorov spectrum (E(k) ∝ k−3/2 instead). The other is to use the Yakhot–Orszag [16]
prescription with the understanding that the sweeping effect of the large eddies has been
explicitly removed [19]. We opt for the latter attitude bearing in mind that the Kolmogorov
law E(k) ∝ k−5/3 is almost always fairly close to experimental values.

We end by noting a feature that the RG arguments cannot capture. Neglecting dissipation
and forcing, the equations of motion admit a steady-state solution where the expectation
value of the square of the velocity is a constant and the square of the order parameterψ2

has an average value〈ψ2〉 = (A + Bk2)−1. Active coupling corresponds toB 6= 0 and
passive coupling toB = 0. For passive coupling the expectation values of bothv2 andψ2

are constant and the spectra are weighted towards highk, leading to the usual UV cascade.
For active coupling withB 6= 0, it is possible to haveA small and negative, in which case
a concentration pile up would occur atk2

0 = −A/B. If injection occurs atk > k0, there can
be an inverse cascade of the concentration field.

2. The randomly stirred model

The turbulent hydrodynamics of an incompressible symmetric binary fluid can be modelled
as [24]

∂u

∂t
+ (u · ∇)u = −∇P

ρ0
− α0∇ψ∇2ψ + ν0∇2u+ f (6)

∂ψ

∂t
+ (u · ∇)ψ = µ0∇2ψ + θ (7)

along with the incompressibility condition

∇ · u = 0 (8)

whereu(x, t) andP(x, t) are the velocity and pressure fields, respectively, and

ψ(x, t) = ρA(x, t)− ρB(x, t)
ρ0

is the concentration field (order parameter), withρA(x, t) andρB(x, t) the density fields of
the two compoundsA andB, andρ0 the mean density. Hereν0 is the kinematic viscosity
of the binary fluid andµ0 the molecular diffusivity of the order parameter.

In the above equations both the velocity and the concentration fields are modelled as
being driven by the random stirring force fieldsf(x, t) andθ(x, t), which will be assumed
to have Gaussian statistics.

Equation (6) clearly shows an extra term (involvingα0), which determines the effect
of the concentration field on the dynamics of the velocity field. Because of the presence
of multiple space derivatives, this term is negligible compared to the convection term on
the left-hand side at large scales, whence the dynamics can be approximated by that of a
passive scalar (α0 = 0). This term becomes important only at small scales, when we can
no longer neglect its effect.

As a consequence, the perturbative RG treatment of this problem involves many extra
diagrams along with those of Forsteret al [13] or Yakhot and Orszag [16], giving rise to a
very complicated RG analysis.
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2.1. Fourier transforms

We introduce the Fourier transforms of the fields as

u(x, t) =
∫

ddk dω

[2π ]d+1
u(k, ω)ek·x−ωt (9)

ψ(x, t) =
∫

ddk dω

[2π ]d+1
ψ(k, ω)ek·x−ωt (10)

where a UV cut-off at3 to thek-integration, corresponding to the ‘internal’ cut-off (viscous
or diffusive, whichever is smaller) is assumed. We also assume similar Fourier transforms
for the driving fieldsf(x, t) andθ(x, t), and the pressure fieldP(x, t). Equations (6) and
(7) can then be written as

(−iω + ν0k
2)ui(k, ω) = fi(k, ω)− iλ0

2
Pijl(k)

∫
ddp dω

[2π ]d+1
uj (p, ω

′)ul(q, ω′′)

+ iα0

2
Pij (k)

∫
ddp dω′

[2π ]d+1
(p2qj + q2pj )ψ(p, ω

′)ψ(q, ω′′) (11)

and

(−iω + µ0k
2)ψ(k, ω) = θ(k, ω)− iλ̄0

∫
ddp dω′

[2π ]d+1
qjuj (p, ω

′)ψ(q, ω′′) (12)

with q = |k − p| andω′′ = ω − ω′. The incompressibility condition becomes

kjuj (k, ω) = 0. (13)

In the above we have introduced the formal parameterλ0 andλ̄0(= 1) in order to construct
perturbation expansions in powers ofλ0 and λ̄0 (and alsoα0).

2.2. Non-equilibrium model

We shall assume that the external driving fields have Gaussian white noise statistics, with
correlations

〈fi(k, ω)fi(k′, ω′)〉 = F(k)Pij (k)[2π ]dδd(k + k′)[2π ]δ(ω + ω′) (14)

and

〈θ(k, ω)θ(k′, ω′)〉 = 2(k)[2π ]dδd(k + k′)[2π ]δ(ω + ω′). (15)

The model we shall study is

F(k) = 2D0

ks
and 2(k) = 2D0

ks
′ (16)

with s > −2 ands ′ > −2. The casess = −2 ands ′ = −2 correspond to equilibrium where
fluctuation–dissipation theorems hold.

The noise added in the concentration field equation of motion is meant to facilitate the
calculation of correlation functions. The variationk−s

′
in the noise strength is taken to

ensure the fact that the Kolmogorov spectrum for the velocity field will be obtained even
in the presence of the active dynamics. It will be seen that Kolmogorov’s result follows if
we takes = s ′ = D.
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3. Perturbative RG

The RG treatment consists of eliminating modesu>(k, ω) andψ>(k, ω) from thin shells
of wavenumbers (belonging to3 e−r < k < 3) starting from the UV end, by means of
integrating away these modes. The corresponding effect on the IR modesu<(k, ω) and
ψ<(k, ω) (belonging to 0< k < 3 e−r ) is then reflected through an augmentation in the
transport constantsν0 andµ0, and the coupling constantα0. (The coupling constantλ0,
however, does not undergo any relevant correction due to such an elimination process, a
consequence of Galelian invariance [13].) This elimination process is repeated in recursive
steps (or infinitesimalr), so that we may expect to approach a (stable) fixed point after
many such infinitesimal steps, i.e. in the IR limitk→ 0.

The recursion relations are found by standard diagrammatic perturbation theory (see
figures 1–6). We write down the answers in what follows. The additional linear terms
generated in equation (11) and (12) after mode elimination are (considering only the passive
dynamics)

G0(k, ω)

[
− Ad λ

2
0D0

ν2
0

(
eyr − 1

y3y

)
k2u<i (k, ω)

]
and

G0(k, ω)

[
− Bd λ2

0D0

ν0(ν0+ µ0)

(
eyr − 1

y3y

)
k2ψ<(k, ω)

]
.

The corresponding contributions from active dynamics are

G0(k, ω)

[
−Md

α0λ̄0D0

µ2
0

(
ey
′r − 1

y ′3y ′

)
k2

]
u<i (k, ω)

and

G0(k, ω)

[
Nd

α0λ̄0D0

µ0(µ0+ ν0)

(
ey
′r − 1

y ′3y ′

)
k2

]
ψ<(k, ω).

Consequently the corrections to the bare viscosity and diffusivity are

1ν(0, 0) = Ad λ
2
0D0

ν2
0

(
eyr − 1

y3y

)
+Md

α0λ0D0

µ2
0

(
ey
′r − 1

y ′3y ′

)
(17)

1µ(0, 0) = Bd λ̄2
0D0

ν0(ν0+ µ0)

(
eyr − 1

y3y

)
−Nd α0λ̄0D0

µ0(µ0+ ν0)

(
ey
′r − 1

y ′3y ′

)
(18)

where

s = d − 4+ y (19a)

Ad = Sd

(2π)d
d2− d − y
2d(d + 2)

(19b)

Bd = Sd

(2π)d
d − 1

d
(19c)

s ′ = d − 2+ y ′ (19d)

Md = Sd

(2π)d
d + y ′

2d(d + 2)
(19e)

Nd = Bd. (19f)
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Figure 1. Diagrammatic equations (a) foru< andψ<, and (b) foru> andψ>. The full single
and double lines represent the bare velocity and scalar propagatorsG(0) andG(0); the dashed
lines correspond to the velocity and scalar fieldsu

(0)
i andψ(0).

Figure 2. Loop diagrams representing (a) the correction to the bare ‘viscosity’ν0k
2 and

(b) correction to the bare ‘diffusivity’µ0k
2. The wavy and curly lines represent the velocity

and scalar correlations, respectively.

4. Noise renormalization

Forsteret al [13] and Yakhot and Orszag [16] calculated the one-loop correction

Q
(2)A
ij (k; k′) = 〈u(1)Ai (k)u

(1)A
j (k′)〉 (20)

the first loop-diagram in figure 3(a), which is a correction to the correlation

Q
(0)
ij (k; k′) = Q(0)(k)Pij (k)(2π)

d+1δd+1(k + k′) (21)

whereQ(0)(k) = |G0(k)|2F(k), with F(k) = 2D0/k
s . The corresponding correction toD0,

in the limit k→ 0 andω→ 0, was found to be

1DA(k, 0) = Qd

λ2
0D

2
0

2ν3
0

k2+s e(6+2s−d)r − 1

(6+ 2s − d)36+2s−d (22)
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with

Qd = Sd

[2π ]d
d2− 2

d(d + 2)
.

Clearly1DA adds ak-independent, and hence relevant, correction to the constantD0 only
when s = −2. In terms of the small parametery (given by s = d − 4+ y) the above
correction becomes

1DA(k, 0) = Qd

λ2
0D

2
0

2ν3
0

kd−2+y c(d−2+2y)r − 1

(d − 2+ 2y)3d−2+2y
(23)

so that the condition of relevant correction becomesy = 2− d. Thus, whens = −2 or
y = 2− d, the constant correction toD0 becomes

1DA(0, 0) = Qd

λ2
0D

2
0

2ν3
0

e(2−d)r − 1

(2− d)32−d (24)

which is the case for model A of Forsteret al [13].

Figure 3. Corrected velocity and scalar correlations. (a) Diagrams forQ
(0)
ij (k, ω), Q

(2)A
ij (k, ω)

andQ(2)B
ij (k, ω). The two loops add the correction to the force correlationF(k), represented

by the square in the first diagram. (b) Diagrams for8(0)(k, ω) and8(2)A(k, ω). The two loops
add the correction to the noise correlation2(k), represented by the diamond in the first diagram.

Furthermore, for anys > −2 or y > 2− d, 1DA is proportional to a positive power
of k, and hence becomes irrelevant, for it then goes to zero in the RG limitk→ 0. In the
present analysis, we shall consider only this (non-equilibrium) case.

Because of the active couplingα0 term, in addition to the above, there is another
correction toD0, obtained from the one-loop correlation

Q
(2)B
ij (k; k′) = 〈u(1)Bi (k)u

(1)B
j (k′)〉

represented by the second loop diagram in figure 3(a). The corresponding correction1DB

is found to be (we do not present the calculation here)

1DB(k, 0) = 1

2
Pd
f 2

0

g0

µ0

ν0
32s ′−s−dk2+s e(2+2s ′−d)r − 1

(2+ 2s ′ − d) (25)

in terms of the modified couplings

g0 = λ2
0D0

ν3
03

4−d+s and f0 = α0λ0D0

µ2
0ν032−d+s ′
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and

Pd = Sd

[2π ]d
2

d(d + 2)
.

Again, this correction becomes relevant whens = −2 or y = 2−d. However, the presence
of a power of3 complicates the situation, which would lead to breakdown of scaling. It is
to be noted that, fors = −2, there is no power of3 only whend = 2+ 2s ′, whereas for
the special cases ′ 6= 0 the small parameter is (2− d) as it was for the correction1DA, so
therefore a factor32−d remains. However, since we are interested in the non-equilibrium
cases > −2 (or y > 2− d), this correction becomes irrelevant for our purpose.

Next, there is the correction given by the loop in figure 3(b)

8(2)A(k; k′) = 〈ψ(1)A(k)ψ(1)A(k′)〉
to the correlation of the concentration field, namely

8(0)(k; k′) = 8(0)(k)(2π)4δ4(k + k′)
where8(0)(k) = |G0(k)|22(k), with 2(k) = 2D0/k

s ′ . The corresponding correction toD0,
in the limit k→ 0 andω→ 0, can be found to be

1DA(k, 0) = Bd λ̄2
0D0D0

ν0µ0(ν0+ µ0)
k2+s ′ e(6+s+s

′−d)r − 1

(6+ s + s ′ − d)36+s+s ′−d (26)

which clearly is ak-independent (i.e. relevant) correction toD0 for s ′ = −2, or if we use
s ′ = d − 2+ y ′, theny ′ = −d. This latter relation is quite unlike the MHD case. This
difference is attributed to the fact that here the convected quantityψ is a scalar. For any
s ′ > −2 or y ′ > −d, this correction becomes irrelevant.

5. Vertex renormalization

The lowest-order vertex correction diagrams are given in figures 4–6. The correction to the
bare couplingsλ0 andλ̄0, one in the Navier–Stokes equation and the other in the convection
equation, vanish in the IR limit, which is necessarily a consequence of Galelian invariance
of the equations of motion; see [24].

Figure 4. One-loop corrections to theλ0-vertex.
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Figure 5. One-loop corrections to theα0-vertex.

Figure 6. One-loop corrections to thēλ0-vertex.

However, the correction toα0 due to the loop diagrams in figure 5 do not vanish in
the IR limit; there is no known invariance principle that would make such renormalization
vanish.

These diagrams can be evaluated by restricting the internal wavenumbers in the range
3 e−r < p < 3, and using a similar procedure as we have just used to evaluate the
corrections to viscosity and diffusivity. Since the calculations are long and tedious, we
shall only present the final results:

1αA(0, 0) = −Pd α0λ
2
0D0

ν0µ0(ν0+ µ0)

(
eyr − 1

y3y

)
(27a)

1αB(0, 0) = −Qd

α0λ
2
0D0

ν2
0(ν0+ µ0)

(
eyr − 1

y3y

)
(27b)

1αC(0, 0) = Qd

α2
0λ0D0

ν0µ0(ν0+ µ0)

(
ey
′r − 1

y ′3y ′

)
(27c)

1αD(0, 0) = Pd α2
0λ0D0

µ2
0(ν0+ µ0)

(
ey
′r − 1

y ′3y ′

)
(27d)
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where the superscripts refer to the diagramsA . . .D in figure 5, and the arguments (0,0)
refer to the zero external wavenumber and frequency limit. The right-hand sides being
k-independent, these corrections become relevant in this RG limit.

6. Flow equations

Now we assume that the RG analysis is iterated in infinitesimal steps ofr, so that we
expand the recursion relations in the limitr → 0. Using equations (17), (18), (23), (25),
(26), (27a–27d), and expanding aboutr = 0, we get, after assuming the iterative nature of
the RG method,

dν

dr
= ν(r)[−2+ z(r)+ Adg(r)+Mdf (r)] (28)

dµ

dr
= µ(r)

[
−2+ z(r)+ Bd g(r)

κ(r)[1+ κ(r)] −Nd
f (r)

1+ κ(r)
]

(29)

dλ

dr
= λ(r)

[
−3+ y

2
+ 3

2
z(r)

]
(30)

dα

dr
= α(r)

[
− 3− y

2
+ y ′ + 3

2
z(r)− {Pd +Qdκ(r)} g(r)

κ(r)[1+ κ(r)]
+{Pd +Qdκ(r)} f (r)

1+ κ(r)
]

(31)

wherez(r) is the factor for frequency rescaling, andr is no longer an infinitesimal argument.
In the above equations, we have defined the scaled couplings as

g(r) = D0

3y

λ2(r)

ν3(r)
f (r) = D0

3y ′
α(r)λ(r)

µ2(r)ν(r)
κ(r) = µ(r)

ν(r)
(32)

which are similar to the definitions for the corresponding bare quantities. Although the flow
equations in equations (28)–(31) depend onz(r), the corresponding equations for the new
couplings given by equation (32) do not. Differentiating these definitions with respect tor

and using equations (28)–(31) we get the following flow equations:

dg

dr
=g(r)[y − 3Adg − 3Mdf ] (33)

df

dr
=f (r)

[
y ′−{2Bd + Pd +Qdκ} g

κ(1+ κ)−Adg + {2Nd + Pd +Qdκ} f

1+ κ −Mdf

]
(34)

dκ

dr
=κ(r)

[
Bd

g

κ(1+ κ) − Adg −Nd
f

1+ κ −Mdf

]
(35)

where we have suppressed the argumentr for brevity.

7. Fixed points of active dynamics

An analysis of the RG flow equations of the previous section can easily be performed with
the idea of a fixed point, without solving the flow equations exactly. We assume that as
the RG iteration is carried out, i.e. asr → ∞, the scaled coupling constantsg(r), κ(r)
approach a set of constant values, called a fixed point, i.e. they cease to ber-dependent after
infinitely many steps of RG iterations, so that the right-hand sides of equations (33)–(35)
tend to zero as one approaches the fixed point. However, the right-hand sides can be zero
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at more than one point. The existence of a fixed point depends on its (linear) stability with
respect to infinitesimal perturbations around that point. For a passive scalar this stability
depends only on the sign ofy but not on the parametery ′ [13, 16].

However, we directly go over to the case of convection of an active scalar. The
corresponding fixed points are obtained from equations (33)–(35). Unlike the passive-scalar
case, we shall find that the stability of the fixed points now depends onboth the parameters
y andy ′.

7.1. Passive regime (affected by the active dynamics)

Case I. y > 0. We shall investigate the behaviour of the fixed point

g→ g∗ κ → κ∗ f → 0 (36)

whereg∗ andκ∗ are non-zero. This fixed point includes the scaling laws for the Kolmogorov
cascade of both energy and the (passive) scalar invariance〈ψ2〉, hence the name passive
regime.

From equations (33)–(35), we then have

y − 3Adg
∗ = 0 (37)

Bd
g∗

κ∗(1+ κ∗) − Adg
∗ = 0 (38)

so that

g∗ = y

3Ad(0)
+O(y2) (39)

κ∗ = 1

2

[
− 1+

√
1+ 8(d + 2)

d

]
+O(y) (40)

where we have used the expressions forAd(y) andBd and performed ay-expansion. These
results are in agreement with those of [16].

Stability. We observe that the above fixed point is similar to that of Yakhot and Orszag,
because the extra coupling, which is not present in Yakhot–Orszag theory, goes to zero. The
stability of the Yakhot–Orszag fixed point does not depend on the value ofy ′, the parameter
coming from the scalar-stirring correlation. However, now, because of the presence of the
extra couplingf (r), the stability of the present fixed point does depend on the values ofy ′.

To investigate its stability, we assume

g(r) = g∗ + δg κ(r) = κ∗ + δκ f (r) = 0+ δf (41)

whereδg, δκ, andδf are infinitesimal perturbations. Substituting them in equations (33)–
(35), and retaining only first-order terms, we obtain the stability matrix as

d

dr

 δgδκ
δf

 =

−y 0 −y Md

Ad

0 − y

3

(
1+2κ∗
1+κ∗

) − ( Nd
1+κ∗ +Md

)
κ∗

0 0 y ′ −
(

1+ Pd+Qdκ
∗

3Bd

)
y


 δgδκ
δf

 . (42)

For stability, the eigenvalues of this matrix, which are just its diagonal elements, must be
negative. Sinceκ∗ is positive, we must therefore havey positive. Furthermore, we must
also have

y ′ < ady with y > 0 (43)
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where

ad =
(

1+ Pd +Qdκ
∗

3Bd

)
=
(

1+ 2+ (d2− 2)κ∗

3(d − 1)(d + 2)

)
.

Thus ford = 3 we havea3 = 1.3917, and the condition of stability for the passive regime
becomesy ′ < 1.3917y with y > 0.

In the infinite-dimensional limit, we haveκ∗ = 1 and hencea∞ = 1.333, leading to
the stability criteriony ′ < 1.333y. This situation is quite unlike the MHD case [27], where
a∞ = 1, the stability condition beingy ′ < y.

However, (artificially) suppressing the renormalization of the active vertexα0 amounts
to settingPd = Qd = 0. Then the stability condition, similar to the MHD case, becomes
y ′ < y, independent of the dimensionalityd.

Case II. y = 0. We consider the fixed point(g, f, κ) = (0, 0, κ∗), with κ∗ a non-zero
quantity. Considering a small perturbation about this point, we find from equation (34) that
d(δf )/dr ≈ y ′δf , leading toδf ≈ ey

′r . Clearly, the stability requiresy ′ < 0.
Furthermore, from equation (33), the solutionδg(r) ∼ 1/r approaches zero at a much

slower rate than an exponential. As a consequence (as the previous exact results [13, 16]
would suggest), the right-hand side of equation (35) approaches zero by virtue of the
quick approach off (r) towards zero (whileg(r) approaches zero too slowly) only when
κ approachesκ∗ as quickly (or quicker than the approach ofg(r)), given by equation (38)
leading to the universality similar to the MHD case [27].

Case III. y < 0. We consider a similar fixed point,(g, f, κ) = (0, 0, κ ′), as the
previous case. However, sincey is now non-zero, considering small perturbations leads
to d(δg)/dr ≈ yδg, and d(δf )/dr ≈ y ′δf , giving δg ∼ eyr and δf ∼ ey

′r . Clearly it is
unstable wheny > 0 andy ′ > 0, and stable (i.e. exists) only wheny < 0 andy ′ < 0
simultaneously.

Sinceg(r) andf (r) both approach zero exponentially in this case, presumably much
quicker than howκ approachesκ∗, the right-hand side of equation (35) approaches zero by
virtue of the quick approaches ofg(r) andf (r) towards zero. This, presumably, leads to
the break of universality (making values ofκ ′ depend on the initial values) similar to the
MHD case [27].

7.1.1. Scaling laws. We choosez(r) so thatν(r) remains fixed at the initial valueν0 [13].
Then from equation (28)

z(r) = 2− Adg(r)−Mdf (r). (44)

Furthermore, from the rescaled viscosity, we get the scaling relation for the renormalized
viscosity as

νR(k, ω|g0, f0, κ0) = e2r−ρ(r)νR(k er , ω eρ(r)|g(r), f (r), κ(r)) (45)

(where dρ/dr = 2) and a similar relation for the renormalized diffusivity
µR(k, ω|g0, f0, κ0).

From this scaling relation, we can findνR(k, 0) in the RG limit of smallk by choosing
a large value orr (namelyr∗), wherek = 3 e−r

∗
andρ ′(r∗) = z∗, so that we can write

νR(k, 0|g0, f0, κ0) =
(
k

3

)−(2−z∗)
νR(3, 0|g∗, f ∗, κ∗) (46)

as we approach the fixed point (g∗, f ∗, κ∗). A similar relation follows forµR(k, 0).
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The spectraE(k) andC(k), given by

1

2
〈u2(x, t)〉 =

∫ ∞
0
E(k) dk and 〈ψ2(x, t)〉 =

∫ ∞
0
C(k) dk

can be obtained from

E(k) ∼ kd−1
∫ ∞
−∞

dω

[2π ]
|GR(k, ω)|2F(k) (47)

and

C(k) ∼ kd−1
∫ ∞
−∞

dω

[2π ]
|GR(k, ω)|22(k) (48)

where

GR(k, ω) = 1

−iω + νR(k, 0)k2
and GR(k, ω) = 1

−iω + µR(k, 0)k2
(49)

so that

E(k) ∼ kd−3−s

νR(k, 0)
∼ k1−y

νR(k, 0)
(50)

and

C(k) ∼ kd−3−s ′

µR(k, 0)
∼ k−1−y ′

µR(k, 0)
. (51)

Now we shall find these spectra corresponding to the three cases of the passive regime.

Case III. y < 0. In this case the stable fixed point isg∗ = 0, f ∗ = 0, andκ∗ is a
non-universal constant. Consequently, from equation (44)

z∗ = 2

and hence from equation (46)

νR(k, 0) ∼ µR(k, 0) ∼ k0. (52)

From equations (50) and (51) this leads to

E(k) ∼ k1−y and C(k) ∼ k−1−y ′ .

As we have noted earlier, this fixed point is stable only wheny ′ < 0. Thus, bothy andy ′

need to be negative in this case. Furthermore, for the model we are considering,y < 2− d
andy ′ > −d.

Case II. y = 0. This marginal case needs exact integration of the flow equations. However,
because of the complexity of the flow equations in the case of an active scalar, it is not
possible to do this evaluation analytically.

We, however, expect that as we approach the stable fixed pointg∗ = 0 (as discussed
earlier, the approach ofg(r) towards zero is rather slow in this case),f ∗ = 0, andκ∗ is a
universal constant, we obtain the same small-k limit of Forsteret al [13]:

νR(k, 0) ∼ µR(k, 0) ∼
(

ln
3

k

)1/3

. (53)

The corresponding spectra, becausey = 0, are given by

E(k) ∼ k
(

ln
3

k

)−1/3

and C(k) ∼ k−1−y ′
(

ln
3

k

)−1/3

.

As analysed earlier, the stability of these spectra requiresy ′ < 0.
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Case I. y > 0. Now the stable fixed point isg∗ = y/3Ad , f ∗ = 0, andκ∗ is the same
universal constant as in case II. Correspondingly, from equation (44)

z∗ = 2− y
3

and therefore

νR(k, 0) ∼ µR(k, 0) ∼ k−y/3. (54)

The spectra are then obtained from equations (50) and (51) as

E(k) ∼ k1−2y/3 and C(k) ∼ k−1−y+y ′/3.

These spectra, as discussed earlier, are stable for ally > 0 andy ′ < ady. Furthermore,y ′,
which can be negative, is restricted from below by our choice of model, namelyy ′ > −d
corresponding tos ′ > −2.

Kolmogorov spectrum. The Kolmogorov spectraE(k) ∼ k−5/3 and C(k) ∼ k−5/3 are
obtained for the passive scalar convection corresponding to the abovey > 0 fixed point
when we sety = 4 andy ′ = 2. These values assert conserved transport of energy and
a mean-square scalar in the inertial range (cf the transfer equations in Ruiz and Nelson’s
work [24]).

From the stability analysis of they > 0 fixed point, we see therefore that the
Kolmogorov spectra are stable (on the IR side, since the fixed point is IR stable) against
the back reaction of the concentration gradients on the Navier–Stokes dynamics, in three
dimensions. This stability runs smoothly over to infinite dimensions, whereas in the MHD
case the Kolmogorov spectrum is marginally stable in infinite dimensions.

Furthermore, we observe that the Kolmogorov spectrum is also stable when we
artificially suppress the renormalization ofα0. This situation is quite unlike the MHD
case, where without this renormalization the Kolmogorov spectrum will only be marginally
stable.

7.2. Active regimes

The fixed pointκ = 0 (with g/κ → 0) andf 6= 0 is unstable for all dimensionsd > 2.
The fixed pointg = 0, κ 6= 0, f 6= 0 is also unstable.
In d = 3, both the fixed pointsu 6= 0, f 6= 0, κ = 0 andg 6= 0, f 6= 0 andκ−1 = 0

are found to be unstable. Hereu = g/κ.

8. Conclusion

We have found that the stability of the fixed point for passive convection in the presence
of the active dynamics depends on both the parametersy and y ′, which determine the
correlations of the stirring fields to the (modified) Navier–Stokes equation and the convection
equation, respectively. This is quite unlike the case of pure passive convection, where the
stability depends only ony, y ′ being left as a disposable parameter (as far as stability is
concerned).

Furthermore, we see that the active-vertex couplingα0 undergoes a non-zero correction
due to renormalization in the IR limit, which is to be explicitly taken into account, since
there is no known invariance principle that does not allow such renormalization. The
passive couplingsλ0 and λ̄0, on the other hand, do not acquire any renormalization, being
necessarily a consequence of Galelian invariance [13].
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The renormalization of the active vertex makes the stability of the passive regime
dependent also on the dimensionalityd, and not simply ony andy ′. In three dimensions,
we find the criterion of stability for the passive regime asy ′ < 1.3917y along withy > 0.
Thus the Kolmogorov spectrum, which occurs fory = 4 andy ′ = 2, is stable against the
active dynamics.

In infinite dimensions, the criterion for the stability of the passive regime is found to be
y ′ < 1.333y, and hence the Kolmogorov case is still stable. This is to be contrasted with
the corresponding criterion in the MHD case, where one obtains a marginal stability of the
Kolmogorov cascade in infinite dimensions.

Finally, we observe that there is no other stable fixed point which could be associated
with the equipartition spectra. We have noticed that the correction to the bare diffusivity
at each step of the RG iteration (although positive due to passive convection) is negative
due to the active dynamics, which should be associated with the instability of the fixed
points in the active regime. A possible reason for such instability would seem to be that
the RG seeks a fixed point which is stable in the IR limit, while this (equipartition) regime
necessarily belongs to the UV domain, and the existence of this regime requires a locked-in
concentration gradient field in the IR domain, according to the Kraichnan phenomenology
[10] as described in the introduction. Ruiz and Nelson [24] have in fact shown, from
the transfer equations of the EDQNM closure, that taking triad interactions coming from
wavenumbersp � q ≈ k leads to this equipartition. However, the RG takes account
of interactions coming from wavenumbers belonging to a different domain of interactions,
namelyp ≈ q � k.
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